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15-1 

Measurement 

Class Discussion 

Your friend tells you that he has a piece of rope that is 10 
args long. Do you have any idea how long his rope is? Probably the 
first thing you will want to know is^ '*How long is an arg?" Suppose 
your filend says^ "An arg is 2 yuks long." Even though you still 
don't have any idea how long an arg or a' yuk is^ how many yviks long 

is his rope? If a yuk is 3 snuks long, how many snuks 

long is his rope? 

Make a list of these answers. 

The rope is 10 args Igng. 

The rope is 20 yuks long. ^ 

The rope is 6o snuks long. 

You haVe been able to associate three different numbers with the 
length of the rope even though you still don't have any idea of how^ 
long it is'. 

If your^friend said, "One yuk is the distance from my nose to my 
toes," you .can now get some idea of the length of the rope. 

Measurement involves two ideas: First, the idea of unit, and 
second, the idea of number. We are free to choose any unit we want. 
The number assigned to the length depends upon the unit we choose. 



2 
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Exercises 



Use each of the rulers on Page 15-lb to measure the sides of this, 
triangle. Read the rulers to the nearest mgirk. Record your measurements 
in the table below. ' • ^ , ' * . 

c 




Segment 


Ruler A 


Ruler B 


Ruler C 


Ruler D 


m AB 










m AC 










m BC 




« 







3 



8 



r 



roid 










fold 






1 

0 1 


. 1 J 


III, 


I I 1 1 








ruler A 






- 




fold 










fold 






1 1 1 

0 1 


MUM 


MIIMMI 










ruler B 











^old 



fold 




fold 



IIMIII 

0 1 

ruler D 


M MM II 11.111 


1 llllllll 


nil 



fold 
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standard Units' 
. . 

In the last lesion you learned that the number associated with length 

depended upon the unit you used. In order to have an idea of how long ^ 

•something is^ you must know the unit. Think how confusing it would 

be if everyone used ^different units. In , order to avoid this confusion 

some agreements on units are nfeeded. In this country some. of the units 

agreed upon are the inch^ the foot^ the yard^ and the mile. Units agreed 

upon are called standard units . 

Class Discussion 

On Page 15-2b are several pictures of 6-inch rulers. They are 
really just parts &f portable nimiber lines. The unit on these number 
lines is one inch. Take Page 15-^2b out of your notebook and use 
"Ruler A" to measure this segment. 

i ^ ~ A ' * ' B ' 

Segment AB is more than inches long but less thaji 

inches long. 

Is the length of segment AB closer to 2 inches or 3 in 



Is it exactly 3 inches long? 

We can say that segment AB is "about" 3 inches long. Me^sureiiient 
is always approximate because in using rulers we always read to the nearest 
mark. If we want a closer approximation to the length of segment AB. , all 
we need to do is to divide the unit on the ruler into more parts so that 
the marks are closer together. 
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Exercises 

(a) Each unit segm^nt^^of ruler B is divided into 
and each of these parts is inch "'long. . 

(b) . Each unit segment Of ruler C*- is divided into 

and each x>f the s,^' Starts is inch long. 

(c) Each unit segme^||^ rul^ D is divided into 

inch long. 



and each' of 



aSi'iiarts is 



(d) Each xxnit segmlM^b^ rulef E Ts divided into 
and each of the^f parts is inch Idng. 



parts 
parts 
parts 
parts 



(a) Measure segment '\pD using each of the rulers on Page 15-2b 
and conqplete the taWe below. Remember to read the ruler to, 
the plosest mark^: 



D 



Ruler • 


Eiexigth- of -CD 


A ■ 


,'1 . 


B 


V 

1 

. —.Ul.. — . 


C 


- 1 ^ 


D 


' " - , ''3' ^ ^ 

( 


E 





(b) Which ruler is least precise? 

(c) Which ruler is most precise? 



- 


1 










15-2b 


* 


fold 














fold 




0 ' 
ruler A 


o 


o 






1 el 


< 


fold 


• 




* 








fold 




\j 1 

ruler B 


• ' 2 

* 


o 




o 


' 5I 

Q 




fold 














• 

•fold 




1 1 1 1 • 1 

U 1 

ruler C 


l> 1 1 

o 


1 1 1 ' 1 1 1 

o 


1 1 1 


1 1 

0 


Mi l 

0 





foM 



fold 



11 I I I I I I 
'O 1 

ruler D 



1 1 1 1 1 1 1 1 1 I n I Ml 

2 3 



I I I I I I I M I I J I 1 1 
4 5 



TT 



6 



fold 



' . fold 





.|.,.|.,.|.,.|.,.|.|...,.|. 


,.,.,.|.,...,.| 


,,.|.,.|.,.|.,.|.,.|. 


I'i'i'i 




'0 r 


2' ' 3' 


4' 


5' 


6' 




ruler E 






<* 







7 . 
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Mixed Numbers 



Class Discussion 



* Mixed numbers ar^ commonly used in shops and stores. They are 
really rational numbers written* in a different way. You know that ^ 



nseans/ 
with i 

ExaB?)le. 



7 divided by 2 . If you do. the division your answer is 3 
left. 



2 ^2 



To rewrite a rational nujnber as a jiLxed nunlbej- you simply divide the , 
numerator by the denominator and write the remainder as a fraction. 
Sometimes you can sin^jlify this fraction. , ■ ^ 

Rewrite these rational numbers as mixed numbers. 

3. 



9 



7 



8 
5 



9 
2 



To I'ewrite a mixed number as a fraction you need to find a 
fraction name for the integer part. 1^ 



Exeuiple. 



2^ = 2 +i 
^ I 3 

3 3 3 



'2i =Z 



Notice that thp fraction name we chose for the integer ' 2 has a 
3 in the denominator. We chose as a name for 2 so that it would ' • ' 
be easy to add to ^ . We always 6hoose a name for the integer part that has 
.same denominator ^is the fractional part of the miji^d number. 
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Here is another exaii?)le. 



^ 3 
3? 



3+1 
21 . 3 

T 



Eewxi-te these mixed numbers as fractions. Follow the example 
above. 



1. 



o 3 

3 Tf 

o 3 

o 3 

3 ? 



3. 



2 
2 



2. 



^1 
.^1 



5| 



Addition of mixed numbers is very easy.. Siii?>ly add the integer 
parts together and add the fractional parts together. 

Exaiiqple 1. ^ * • ' 



Exaiiqple 2# 



4 




2 + 5 + 


3 3 






7 + 


2 

• 3 






^ 3 




3f 


+ 11 1 = 


3+11 


+ '2 + 3 
+ y + y 


3? 


+ 11 ^ = 


" 111-* 




3f 


+ 11 1 .= 


1.4 





9 



As. long as the fractional parts of the * numbers have the same denominators 
you can probably do this in your head. 

Add these mixed numbers. Simplify the fractional part of your 
answer if possible. - , 

1- 1h^5h = ; " ,,, , ■ 3. 12 1 4- 17 I ^ , 



Sometimes when you add mixed numbers the fractional part of your 
answjsr has a numerat*or that is larger than the denominator. When 
this hap{)ens you rewrite the fractional part of the answer as another 



mixed number and add again* 


/ 






Example 1. 




= 9 + 1^ 


but Y = 




So: 




= 10 Y 






Exaii?)le 2. 




12 

= 15 


but ^ = 






el* 9 I - 


= 15 4. 1 ^ 
= 16^ 


♦ 





16 g sin^jlified is l6 | 
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To add mixed number^ that have fractional parts with unlike- 
cjenominators we add the integers and add the fractions separately, 
o add the fractions you nnist find a common denominator. 

candle . 



p • 3 5 + 2 ^ - 5 + ( + ^ ) 

3i.2^ = ,31 . hut ,11 



Add these mixed numbers and siii5)lify your answers. 



2. 5 I + 12 I = ' \. ^ 7 ^ ^ i 



To multiply an integer times a mixed nxamber it is easiest to 
write the mixed number as a sijm. 

T ' 

Example . To multiply 5 ^jx 2 : we write:, 



so 



10 hut 



1^1 , 6 



1^ 



101-^= 10 + 1^ 

I 

I = 11 f or; 11 \ 



11 



J 



2. 



3. 



Exercises 



•Moltiply these numbers. 



1. ^fxT 

rewritten: 



7^x8 
revritten: 



rewritten; 



rewritten: 



• X 7 



7 + 



9 

X 8 



X 6 



8^1 
X 5 



5.. 



8. 



Add these numbers. 
k 2 



. 6 I 



+ 2 



9 ^ ^ 9 



12 



17 
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Distance Between Points on the Ruler 



Class Discussion 

The diagram below shows a broken ruler placed below segment W . 



E ■ 






F 






1 1 n 1 1 11 1 1 1 1 1 n 1 r j 








3 


4 


5 



1. Is sejgment EF k ^ long? 



2. What |nuinber shduld be subtracted from k ^ to get tlie correct 
length of ^ ? ^ ^ " 

3. The isymbol Z means "ajyproximately equal to." 

Is i^he length of W ^ h ^ - 2 1 

k : '■ 



k.. 1^ 2 - 2 = 



Wh^n you place a ruler so that the end of a segmfent lies on some mark 
other than zero^ you must be careful to subtract the number on the ruler 
at the /left end of the segment from the number on the ruler at the right 
end. Ends of rulers are often damaged- This method of using a ruler v 
usuallj^ giVes more accurate m^asuranents* 
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Exercises 



Use this picture to answer the following questions, 



A 



B 



0 



D 
-4- 



E 




Find the lengths of the following segments by writing a subtraction 
problem and then solving the subtraction problem. 

" - 6. 



1. m AB ^ 

m AB ft? 

2. m AD » 

m ^ ft» 

3. m BE ft? 
m'^ ft? 

m CE ft? 
m CE ft? 



5. m BD ft? 

> Id ft? 



m CD ^ 
m CD ft? 

7. m AC « 

m AC ft? 

8. m AE .ft? 
m AE ft? 



m DE ft? 
m EE ft? 



Ik 
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Subdivislcrn of the Inch • . ' 

The ordinary rulers you have been 'using were subdivided by, repeatedly 
bisecting the inch. That is^ we started with the inch unit and bisected 
it. We then had divisions of - -inch* We then bisected each ^ -inch 
so that we had divisions of ^ingh. We again bisected to get divisions of 
g-inch and again bisected into inch divisions. Some rulers continue 

this process until they get ^-inch^and then even ^-inch divisions. 
These rulers are usually made of steel and are called "machinist scales". 
These "scales" are very hard io read but they are more accurate than the 
common wood ruler. Even so^ they are not nearly precise enough for modern 
day engineering* work. Other ways of subdividing the inch and other measuring 
instruments are used by engineers and machinists. For this work the inch 
is divided ;into tenths^ hundredtlis^ thousandths^ and even ten- thousandths. 



Class Discussion 

On Page 15-5c is a picture of a ruler with the inch xxnit divided into 
tenths. Use it to measure the sides of these triangles. Write your 
measurements in decimal form. 

(a) 

m AB 




m BC 
m AC 



The length of a triangle (distance around) is called the 
^ perimeter of the triangle. 

The perimeter of A ABC =mAB+mBC+mAC 

The perimeter of A ABC ^ + + 

The^ perimeter of A ABC ^ 



15 



(b) 




l5-5a 



m EF « 
m « 
m EG « 



J>erimeter of A EFG « 
Perimeter of A EFG « 



(c) Imagine' each tenth of an inch divided into ten parts. Each 

of these parts would be one of an inch. 

They would be very small segments. SuQh a ruler is very hard 
to read. 

(d) If each of these fiundredth^ were divided into ten parts, each 

part would be one of an inch. These segments 

are so small that they are about the thickness of a human 
hair. Do you think it would be possible to read such a ruler? 




T 





10 



This instrument is called 
a vernier caliper. It will 
measure hundredths of an inch 
easily. 
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This instrument is called a "micrometer". It is (iommonly used 
by machinists. It will measure to thousandths of an inch. You may 
have a chance to use these kinds of instruments in your science classes. 
If so^ you will be taught how to use them at that time. 

Exercises 

Use the ruler on Page 15-5c to measure the sides of these triangles. 
Write your answers in decimal form. Add the lengths of the sides of each 
triangle to find its perimeter (p). 

1, ^ m AB « 




1 i 1 il 1 1 1 M 1 1 1 1 1 


lllllj IIIUIIil|lllll 




iiiiijiin 




0 1 


.2 3 


4 


5 


6 



Each unit on this ruler is divided into tenths. 
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The Centimeter Ruler ' ^ 

Most countiles use the centimeter as their small unit of measure. 
The abbreviation of centimeter is "cm". Physicists and other scienti-sts 
find this linit so handy that they do'^nuch .of their work using centimeters, 
Many people in our country want us to adopt centimeters as, our small unit 
of measure. 



Class Discussion 

Take the picture of the centimeter ruler on Page 15-6b out of 
your notebook. ^ 



Into how many pa^ts has each unit centimeter been divided? 
Can we write our measurements in decimal form? 



Use your "centimeter" ruler and your "inch" ruler E (Page 15-2b) to 
measure parts of this rhombus. The parts to be measured are shown in the 
table below. Write your "cm" measurements in decimal form. Remember to 
read your ruler to the closest mark. 



Segment 


Length in < 
inches 


Length in 
cm 


AB 
CD 
AC 



















Without measuring^ how lo^g are BC, 
AD, and m ? cm 

Without measuring, how. long is AO ? 
cm . 

Without measuring, how long is DO ? 

cm^ 




AB is 



inches long and. AB is 



centimeters long. 



-About how many centimeters are there in one inch? 

cm % 1 inch 



19 
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1 / 




21 
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ChaPging Units - Inches and Feet 

You know that besides using inches as our unit^ we also usis the foot^ 
ya3rd^ and mile as units. Tliis is called the "British system of measurement. 

There are also other uriits that go together with centimeters. Soi^ of 
these are the millimeter> meter^ and kilometer. Thi^ is called the "metric 
system of measurement*" 

Below is^a list from smaller units to larger units for both systems. 



British 

inch 
foot 

Vs 

yard 
mile 



Abbreviations 

in. 
ft. 

yd* 

mi. 



/ Ifetric 

millimeter 
centimeter 

meter 
kilometer 



Abbreviations 

mm 
' cm • 
m 
km 



In countries using the British system you need to know how to change 
from inches to feet^ feet to miles^ miles to yards and so on. 

In countries where the metric system- is used you need to be able 
to change from centimeters to meters^ meters, to kilometers^ and 
so on. You will also need to be able to chaiijge systems when studying 
science. • 

If someday you travel to a foreign country^ say Mexico^ you will 
find road signs marked in kilometers and speed limits in kilometers per 
hour. But. American speedometers are marked in miles . Engineers often work 
In the metric system but in order to get their designs made they have to 
change to. inches. For these reasons you will need to be able to change, 
from one system to the other. 
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\ . Class mscusslon 

You know that if you measure something 1- foot long its length 
' can be written as 12 inches, 2 feet can be written as 2h 
inches and so on* 



1 


foot = 


1 


• 12 


inches 




2 


feet = 


2 


• i2 


inches 


{2k inches) 


3 


feet = 


3 


• 12 


inches 


(36 inches) 


k 


feet = 


k 


• 12 


inches 


(48 inches) 


X 


feet = 


X 


• 12 


inches 






and 


so 


on. 







To change from feet to inches you multiply by 



Suppose we have a "times 12" function machine like this: 




Output (I2x) 



If we assign the number of feet to x and input x " to otit machine, 
it will output the number oX inches that tells the same ^length. 

Write this function in ariwr notation: 

This function will change from the foot tinit to the inch unit for us. 
.It wJJrl make our work easier and faster if we use the graph of this 
function on the next page . 

It doesn't make sense to talk about negative ^ length, so we need 
only the upper right section of the graph. 
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I 

M 

We can check our graph by^ trying *a few conversions we already know. 
Read the graph for a length of! 3 feet. Do you get 36 inches? *_ 



What do you get for \2 feet? 

2 feet =5 I inches. 



What do you get for i 3 ^ feet? 

1 ' 
3 g feet =5 ^ inches. 



What do you get for 1 ^ feet? 



feet = 



inches. 



Suppose we want to change, 9 inches jbo feet* This is the same as 
asking, "What input gives an output of 9 ?" 

9 inches = feet. 



Did you get r- feet? 



3 



Fill these blanks. 

18 inches = 

. 27 inches = 

' 33 inches s= 

k8 inches = 

inches = 

3 inches = 



feet 
feet 
feet 
feet 
feet 
feet 



Check your answers with your classmates* 



You multiply the numbej of fe6t by 

inches. 

You multiply the number of inches by 
of feet. 



to change to number of 
to ch?tnge to nuifiber 
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Exercises 

Use the graph on Page 15-7b to change these mfiasurements from units 
of feet to units of inches. 

(a) 2 ^ feet = inches 

(b) 3 ^ feet = inches 

(c) ^ feet = _^ inches 

(d) 1 ^ feet = ^ inches 

(e) k feet = ' inches 



Use the graph on Page 15-7b to change these measurements from units 
of inches to units of feet. 

(a) l8 inches . = f«et 

(t) k3 inclies = feet 

(c) 33 inches = feet ' - ^ 

(d) 21 inches = feet 

(e) 15 inches = feet ' • ' 
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Changing Itoits - Feet and Yaards 

^ Again we can use the graph of a function to change units from 

\ , . * yards to feet* 

» , * Class Discussion 

« 

You know that 1 yard is 3 feet long. Fill the blanks below to 
help you find the "yards to feet" function. 



1 


yard = 


1 • 3 


feet 


2 


yards = 


2 • 3 


feet 


3 


yards = 




feet 


k 


yards = 




feet 


5 


yards = 




feet 




yards = 




feet 



Write the "yards to feet" function in arrow notation: 

f:x ^ 



Yoa have seen this function before. * On the next page is its graph. 
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1578b 

9 

It is handy to divide each yard (on the input axis) into thirds. 

We can use this graph to change from yards to feet or feet to yards. 
To change 9 feet to yards we are again asking the question, "What input 
gives an output of 9 ?" 

Exercises 

1/ Use the graph on Page 15-8a to answer these questions. 

• (a) k yards = feet 

, II 

(b) 2 ^ yards*= feet 

2 

(c) 7 5- yards = feet 



(a) 


9 yards = 




feet 


te) 


yards 




27 feet 


(f) 


yards 




2k feet 


is) 


yards 




17 feet 


(h) 


yards 




19 feet 


(i) 


yards 




7 feet 


U) 


yards 






(k) 


yards 




2 feet 


(1) 


yards 




1 foot 



2. (a) You multiply the number of y&rds by 
to change to number of feet# 

* (b) You multiply the >number of feet by 
to change to number of yards. 
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Class Discussion 

Suppose you wanted to change from yards to inches. You can do this 
in. 2 steps: 

Step !• Change from yards tp feet. 
^ • ' Step 2. - Change from feet to inches. 

' 1. Use. the graphs on Pages 15-7b and 15-8a to make this conversion: 
1 J yards = feet = inches. 

"We could go the other way as well. " To change from inches to yards: 

• Step 1. Change from inches to feet. 
Step 2. . Change from feet to yards. 

2. Use the graphs to make this eonversiom 

2^ inches = ^^eetr = yards. * 

There are some difficulties that can come up by ueing graphs to make 
"doulrle" conversions like, those above. To see tTie trouble we can get into 
try* this conversion using the graphs. ♦ ' ^* 

X 33 inches = feet =- yards. , 

It will be easier to do this problem using fractions. ' . 

You multiply the number of inches by _ to change to 

number of feet. So • ^ * 

- 33 inches = 33 • feet. ' 

You multiply the oumber^of^'feet by to change to number 



of yards. So 



3J • ^ feet = 33' • 3^ • yards, 
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•Here is the problem we need to solve, 

. ^33 . -L r i ^ 

"^-^ ' 12 , 3 

We can change the order of maltiplication and it 
will be easier to work the problem. 

4 

'"^"^ * 3 12 "^^ 

1 

. . = 1- • T2 



So: 



11 
12 



33 inches = — yards." 



ExfercisQs 

Follow these., steps to change these measurements from inches to yards* 
Step 1. ^filltiply by ^ (change %o feet). 
Step 2. Iftxltiply by ^ (change to yards). 

Change the order of multiplication whenever it makes the work easier. 

■* ' 

The first problem is done for you. 

1. Change 28 inches into yards. 
» • 

28 • -i- (change to feet) 

12 

28 • • i (change to yards) 



28 
35 



(multiplication) 



= ^ (siuqplifying) 
7 

28 inches =^ ~ yards. 
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Change 27 inches into yards 



27 inches = ' ' yards. 



Change 45 inches into yards 



\ 



45 inches = yards* 
""^ 

Change 6o inches into yards 



60 inches = yards. 
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' 15-9 ^ ^ 

Changing Unite in the Metric System 

In Lesson 15-7 there was this list of metric units fr6m smallest 
to largest. (There are other units but thes^ are the most common.) 

Units Abbreviations 

millimeter mm 

centimeter cm 

meter m 

' kilometer km 

These units are related by powers of ten. That is: 

, ^ 10 millimeters = 1 centimeter ^ 
100 centimeters = 1 meter 

1000 meters = 1 kilometer ^ 

Because these units are related by powers of ten we use decimals instead 
of fractions to write these measurements. This makes conversion from 
one unit to another in the metric system very easy. All we hare to do 
is multiply or divide by powers of ten. This is especially easy if you 
write these numbers in scientific notation. 

i- ' 1 cm = 1.0 X 10^ mm = 10 mm ' 
2 cm = 2.0 X 10^ mm = 20 mm 
^3 cm = 3.0 X 10 mm = 30 mm 
* and so on. 

1 m = 1.0 X 10^ cm = 100 cmj 

2 

2 m = 2.0 X 10 cm = 200 cm 

3 m = 3-"0 X 10^ cm = 300 cm 

and so on. 

^Mli£3- ikm = i.oxio3m = iooo;n 

2 km = 2.0 X 10*^ m = 2000 m 
^ 3 km = 3. 0 X 10*^ ra = 30OO m 



and so on. 
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Look at the centimeter ruler on Page 15-9^. Notice that a centimeter 
unit is subdivided into 10 parts." Each of these small segments is a 
millimeter. 



1. 
2. 
3. 



5- 
6. 



10. 



Class Discussion 
How many" centimeters long is the ruler on Page 15-9b? 
How many millimeters are there in one centimeter? 



How many of your rulers will you have to lay end to end to make a 
segment one meter long? . 

Take your ruler to the chalkboard and mark off a segment that is 
one meter_ lon^. ) 

How many millimeters are there in one meter? 



You multiply the number of millimeters by 

change to number of meters. (Write yoUr answer in exponential 
form.) 



to 



(a 

(b 
(a 

(b 
(a 

(b 

(a 
(b 



to.chailge to 



You multiply number of meters by "to change 

to number of centimeters. 

Write this answer in exponential form. 

You multiply number of centimeters by 

number of meters. 

Write this answer in Exponential form. 

In Example 3 on Page 15-9 you saw that we multiply th^number 

of kilometers by to change to number of meters. 

You multiply the number of meters by to chatige to 

number of kilometers. 

Write the answer to 'Question (b) in exponential form. 



When you multiply by 10 the decimal point moves 1 place 
to the 



When you multiply by i the decimal point moves 1 place 
to the 
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b 'i '2 3 


4 


7-8 


9 10 


centimeters 











Each centimeter is divided into 10 millim^ers. 



•V 
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Exercirse s ' ^ 

* • ■ ] — T 

Chaiige these Uidts from centimeters to millimeters by multiplying 
i(f . The .first proble;ii is done for you.- 

(^a) 38.6 cm V ' . ' (d) Ik. 23 cm ' ' ^ 



S86 mm * . ^ 



lnm 



(b) 43.86 cm (e) 31-71 cm ' 



nim ' rum 



(c); 82.91 cm** . . ' ' ■ '(f) 2.05. cm 



nnn * 'mm 



Change these units from millimeters to ceiitimetersTsy mtiltiplying 

"I ' •• / ' 

py 10 . The first problem is done for you/ ^ 

(a) 172.5 mm (d) 11^37- 2 mm 

= . 172. 5*x 10 ^ cm' / . 



= . 17. 2?:. cm 



cm 



(b) .f2.6 mm (e.) 227 



tttth 



.4> 



cm cm 



(c), 2.8 mm ^ (f ) .9 mm ^ 



Chanjge these unlta from aneters to centimeters by umLtiplyiEig by 

2 • ' ' 

,10 . The first one is done for you. 

•^ (ar) l.J m (d) .361 m 

' = 1.7 X 10 cm - 

• = 170 cm * 



cm 



.'(b) ^.'kl m • (e) 12.5 



m 



cm cm 

- -5 ' s^ ' ^' 



(c) 8.2 m ' / (f) .028 m 



cm , cm 



Change these units from centimeters to meters^by multiplying by 
10 . The first one is done for you. 



(a) 85 cm (d) kl cm 

85 X 1 
.85-m 



85 X 10 ^ m 



cm 



(b) '237 cm (e) .198 cm 



m . ' m 



(c) . 5^.1 Qm (f ) 336 cm 

♦ 
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m , m 



Change these uiiits from kilometers td meters by multiplying by 
10^. The first pne is done for you. 

(a) 2.8 ki5 (d) 4.27 km 
= 2.8 X 10^ m 

= 2800 m 

^ m 

■ 

(b) . 7.6 km (e) 3.8 km 



m 



m 



(c) .65 km 



(f) 27.2 km 



J 

Change these units from meters to kilometers by multiplying by 
"3 

10 . The first one is done for you. 



(a) 3728.7 m • (d) 28lv4 m 

= 3728/7 X 10 ^ km 
= 3.7287 km 



(b) k021 m (e) 8729-5 



m 



(c)' 1931-9 m , (f) 10,000' m 



km, 



km ' ' km 
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7. Change these to the units shown below,- 
(a) Cha^e 2«3 m to imn / ' 



BmL 



(b) Change 14,729 cm to > km 



km 



(c)* Change 1 km to mm • 



mm 



(d) Change 43,028 mm ,to m 



m 



4 
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Teletransporter Problem • ' • 

Ihe teletransporter on the space ship "Riteon V" requires a wir6 
made of the rare metal "Blomiiidium"^ This wire runs up both sides and across 
the ceiling aaad floor of the activation chamber. A drawing of this chamber 
is shown' below. 



o o 




Here are the measurements of the wire. 




1^0 



15-XOa". 



Class Discussion 



,A United States supplier sells "Blomindium" wire at $ 3^764.23 per 
foot, so v€ must 'be very careful to find its length in feet. In order 
to do this we need to change the dimensions to feet. 



We multiply the number of yards by 



to change the 



length to number of feet. Do this multiplication. 

2^^ .The chamber is feet high. 

3. We multiply the number of inches by 



to change the 



width to number of feet. Do this multiplication. 
k. The chamber is feet wide. 

Now we must add these dimensions and multiply their sum by 2 in order 
to find the length of the wire. 



5. 2 {l^ ft. 4- 2^ ft.)' = 2 • 



ft. 



The wire is 



feet long. The wire costs $ 124,219.59 



from this supplier. (You can check this if ^you want.) 

/ 

Suppose a European supplier sells BXomlndium for ^ 126,30 per 
meter ar 
metric units. 



centimeter and we were given the dimensions of the chamber- in these 




: wide 



15-.10b 

Let^s find out if we can save money by buying from the European supplier. 

6# ' To change the height from number of meters to number of centimeters 
we multiply by . ' ; 

?• The chaniber is cm high. (Hiufe<.^^^^^ve^the decimal 

point.) / 

8. To change the width from number of millimeters to number of 
centimeters we multiply by " , ^ 

9. The chamber is ' cm wide. 

10. Add the height and width. 

height cm 

+ width cm 



sum cm 



11. Miltiply this sum by 2. 

2 • cm = cm 



This is the length of the wire in centimeters. To find the cost from 
the European si^plier we multiply $ 126.30.. times the length of the wire. 
This cost is $ 127,037.59 • ^® ^^^^ $ 2,8i8.00 by buying the 
wire from the American supplier. 

Metric units are related to, each other by powers of ten. Many 
times as in this exercise it is necessary to change. from units of 
the British system to units of the metric system. 

When you con?)ared your centimeter ruler with your inch ruler you 
found that there were abqut 2.-5 centimeters in one inch. As a matter 
of fact there are exactly 2.5^ centimeters in one inch. In other 
words^ we can multiply number of inches by 2.5^ to get number of 
centimeters. This^function can be written 

gjx — ^2.5^x . 

The input to this function is the number of inches and its output is 

the number of centimeters. The graph of this function is on the next page. 

k2 



i 
I 

V. 

r 
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Exercises 



\ Use the graph of g:x — ^ 2.5I1X - on Page 15- 10c to w<^rk thBse 
'problems. * 

!♦ Change these diinensions to^ cerrtimeters. 

. (a)' 



cm 




cm 



(b) ^nd the prerimeter in centimeters of the Rectangle in Problem (a), 
P = 2(i + v) , 

P , « 2(; + _) _ 

¥ 2( ) 

P cm ► 



Change these dimensions to. inches, 
(a) 



12 cm 



13 cm' ' ' 




ia AB fis ^^^^ inches 

m 3c ss" ■ Inchpff 
m sa' inehes 



5 <ini 



(b) Find; tiie perimeter in inches, of the triangle in Problem 2ii). 

P = mAB* + 'm'AC -f'-mBC . . 

P ^ , + + ^ . 

P s» .inches \ - ■ ' ' ' . 



EMC, 



Anglg Measurement - The Protractor 

- The measure, in aeigrees, of each, of the right angles below is 90. 
. (Tbe TBy- '-OP bi-sects the straight angle AOB .') 



A 



The symbol for degree is a small circle written above and to the right 
of the measure of an angle-. Thus, ' - 

" ;■ ."^0 degrees" is ifpttten "90°" . 

In the figure below, ray ^ bisects the right angle AOP and r^ 0^ 
bisisets the right angle" FOB,. * 




The ineasure\of each' of the. angles Z AOQ> - Z .QOP, Z FOR, and . Z ROB is 
Here ve havet k 'angleB together formliig the straight angle AOB . 

How imagine l8o congruent angles together forming the straight 
angle AOJ." Each of the^e angles would have a measurement of one degree. 
Suppose that a half-circle Is drawn from A to B with its center 
at- point 0 . Theii the rays of the l8o angles would intersect .the 
half -circle at equally spaced point e.* * 



Class Discussion 



^ P 

Use your protractor to ]neasure L x . Follow these steps. 

1. ^ Look at your protractor carefully. At the point th$t is^the 

center of the half circle thfere is either an arro^, or a cross, 

or a sinall^>-be3:e>^,^i^oin^ is called the index of the protractor. 

(See the picturte on Page 15-lla.) 

2. Plape the bottom edge of the protractor along ray W so that . 
the index is over the vertex (point O)^ j 

3. Notice, that there are two scales on the protractor. Start at - 

ray 'and use the scale that "counts" by tens up to ray 0^ . 

You should find the number 50 at the point where intersects 

♦ 

the half circle. The measure of Z x « degrees. 



You can measure L y without moving your protractor. Follow ^hese step 

1. Check to see that the edge of the protractor is still along W 

* -and that the index is still at point 0 . Notice that the^^e is 
also along 

2. Start at o5 and use the scale that "counts" by tens up to 0§ . 
• Did you use the same scale you used before? 

3. m Z y ^ degrees. 

\. m ^ X + m Z.y ^ degrees. 

If the sum of the measures of two angles is I80, the angles are 

supplementary ♦ ' , 

^7 
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Exercises 



, Use your protractor to find the ineasures of each of the angles helov. 
(a) . > 




mZ a ^ 

m Z h ^ 

Z a and Z h are called 



/ 



angles. 




m Z . a fi» 
m Z h « 



Z a and Z h are called 



angles . 



k8 



a": 



(c)* 



15-lid 



.1 



b / a 



m Z a s» 



Z a and Z b' are called 



angles. 




h9 



ri4 



15-lle 



Sometimes the sides of a drawing of an angle are' not long enough %o 
intersect tiie half circle of the protractor.' Since sides of an 
angle are really rays they can he extended. .Use the straight edge 
of your protractor to draw longer sides on these angles and then 
measure them. 



(a) 




m Z p s« 



(b) 



m Z s « 



(c) 



(d) Which pair of these angles seem 
to be supplementaiy? 

Z and Z ' 



m Z t 




(a) Measure Z. x with your protractor. m Z x ; 

(b) Ifeasure Z y with your protractor. m Z y ; 

(c) Find 'the measure of Z z without measuring. 



m Z z ft? 



50 



and /g ar^ parallel.- 




15-llf 



(a) Measure Z r with your protractor • m Z r ^ 



(b) Find the jneasures of th^sfe angles without measuring them. 

m Z s ^ m Z q ^ 

in Z t Sis m Z u 

m Z w m £ V ^ 

♦ 

m Z p f^' 
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Msasuremeirt o f a Surface Region - Rectangle 

So far ve have been talking about measurement of lengths ; lengths 
of segments, sides of triangles, and so on. Suppose want to know the 
size of a surface region,^ The length around a surface region won't 
always give us an idea of its size. It's possible to have differently 
shaped regions that have the same perimeter but are not .the same size. 



• Class Discussion 
Suppose we want to tile the two floors shown below, 

y 




1' 

T 




y 



1. (a) What is the perimeter of "Floor A" ? 
(b) What is the perimeter of "Floor B" ? 



ft, 



ft, 



The tiles we are going to use are 1 ft, by 1 ft, square as shown 
below,. 



11 



2. '(a) How many tiles are needed to c<5ver "Floor A" ? 
(b) How many tiles are needed to cover "Floor B" ? 



52 



. • • • ' , I5-12a 

The perimeters of these two floors are the same and yet it taljes less 
tile to cover "Floor A" than it does to cover "Floor B", In this example 
knowing the perimeter doesn^t help us tell which floor requires more tiles. 
We need a new kind of measurement for covering problems like tiling^ 
carpeting^ painting and so on. This kind of measurement is called area. 

Area is the measxire of a surface region. 

Look at the rectangular region below. 



height = 5" 



base = 10" 

Instead of length ,and width^ we will call one side the base and the side 
perpendicular to i,t the height . Suppose we want to cover the rectangle 
with square tiles that are 1 inch long on each side, (A square is a 
rectangle that has all four sides the same length,) 

We can divide the rectangle into 1-inch squares and count them. 




ba^e = 10"* 



If we do this^ we find we need 50 tiles-. You know that 
multiplying the length of the base times the length of the height also 
gives 50 . 

To find the area (abbreviated A ) of a rectangle we simply multiply 
base (abbreviated b* ) times height (abbreviated h ). 

A^= b • h ' 
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Since ve think of area as the number of square regiT:)ns that it takes 
io cover the larger region^ our units for measuring surface regions are 
square units . In the exanqple above ve covered the rectangle with square 
inches as the unit. 

Suppose we want to tile around a swinmring pool with these dimensions. 

25 ft. 



•r 



CO 



H 

i 



55 ft. 



It is easy to find the number of tiles needed by finding the area 
of the large rectangle and subtracting the area of the pool. 

A (of large rectangle) = • , 

A (of pool) = 



1. 
2. 

3. 
k. 



A (of tiled surface) = 
A (of tiled surface) = 



If the tiles are each 1 -square foot, how many do we need? 



A rectangle with all its sides the same length is called a 

. To find its area we use the length of the side 

A/ 



(s) as a factor tWice, that is, 
in exponential notation: 

A/ N =^ 

( square ; - 
The area of the square^ below is 



(square) 



= s • s 



Write this 




square inches. 
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Exercises 

Find tbe areas of these shaded regions 
1. 




-Ikft.- 



A = b • h 
A = 

A = 



sq. ft. 



2. 



9 ft.- 




A 
A 
A 



= s 



sg. nun 



square 




(shaded) 
^(shaded) 
^(shaded) 
'(shaded) 



(rect.) ~ '^(sq) 



= b • h 



-2 
s 



*(8haded5 " ■'Sl ■ ■'^2 , 



^(shaded) 
'(shaded) 



9 ft. • 












7 f 


r;/%!|HicM ^2 






^ — \ 'Uft. 





sq« ft. 



sq cm 
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A« = 



"2 
*3 



A,. = 



Total Area = A^ + Ag + A^ + Aj^ . 

Total Area = ' - square units 
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15-13 

MeasureaeDt of a' Surface Region - Parallelograas and Triangles 

Class Discussion 

In Chapter II you learned that a 4-sided figure with opposite 

pairs of sides parallel is called a . You also 

learned that the perpendicular distance between two parallel lines is 
the same no matter where this distance is measured. This is the 
distance we have called the height of a rectangle. 

Get out P^e 15-13a. The two parallelograms are just alike. Cut 
out parallelogram P. 
1* AB II . 

2. The distance between AB and DC is the lengtH of the segment 
On^the drawing, label this segment 'V for height. 

3* Cut out A EEC . . . • 

Place the triangle so that point C lies on point D like tbis. 




B 



5. What kind of figure is this? 

. 'Now look at parallelogram Q . Compare the rectangle you made with 
parallelogram Q to answer these questions. 

6. The base of the rectangle is segment . 

7. The base of the rectangle has the same length as segment 
of parallelogram Q * 

8. The height of the rectangle has the same length as segment 
in parallelogram Q . Label this segmerit "h" . 

* 

9. Is the area of parallelogram *Q the same as the area of the 
rectangle? 




• B 
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Prom your answers above you 'have found that the area of a parallel- 
o^am is the length of the' bas« times the height. The height is the 
perpendicular distance brtween opposite sides. 

A = b- h . ' > 

r 

Notice that this is exactly the same as for the rectangle. All you have 
to remember is that the height ' is always the perpendicular distance 
between parallel sides. ^ ' 



Exercises 

Find the areas of these parallelograms. 
1. 




h = 15 cm 



b = 20 cm 

2. 




h = 13rin. 



A = b . h 

A = 

A = 



A = b . h 

A = 

A = 



A = b • h 

A = 

A = 



sq cm 



sq. ft. 



-sq. in. 



59 



Class W^cussion 




In parallelogram WXYZ the diagonal WT forms two congruent 
triangles^ Write this congruence. 



s A 



Since these triangles are congruent^ wf separates the surface 
region inside the parallelogram into two parts of equal size. Each of 
these parts has an area that is i the area of the parallelogram. 

The area of WXYZ is: - \ 



A = b • h 



Wilte the area of A WYZ . 



Write the area of A YWX,. 



b . h 



A = 
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Exercises 



15-134 



1# .Use A =r ^ b • h to find the areas of the following triangles ♦ 




A = g b.h 
^ 2 - 



sg. in. 




_J b = It, 6cm I* 



A = ± b.h 
^ - 2 — 



A = 



sq cm 



(c) 



= £. yds 
= 5 3 ^ 



A = I b.h 




sq. yds. 

( Hint ; Use your tables to 
help you xd.th this arithmetic.) 
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^(shaded) " ''^(rectangle) ^(triangle) 

^ ^(shaded) " * 

A, \ = sq cm 

^(shaded) — 
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Exact Lengths 

Throughout this chapter we have said over aad over again that all 
Measurement is approximate. What we mean by this is that we cann'ot 
measure real things exactly using real rulers or real protractors or ■ 
any other real measuring instrument. Mathematicians leave *the world 
of real things up^to the scientists and engineers to 'wovry about. 
Instead the mathenatician- deals with idfeas only, and ideas can be 
exact." You have hear! asked repeatedly to associate numbers with points 
on the numjper line/ In your imagin^ition you h.ave named a particular 

point on the numbea line "one" and a particular point "2" and so on. 

I 12 3 

You have even named the point for , , 3 ^ T ^ ^But these- are 

ideas, not things, and ideas can be exact. You can imagine a segment 

that ±B exactly 1 inch or 2 inches long even though you have seen 

that segments cannot be measured exactly using real rulers. 



Class Discussion 



Suppose we play around with this idea of exractness a little while. 
Think about this coordinate plane. * 



5' 


it- 






k 


t 






5- 








2- 








" . • !■ 








• 0 








4 1 1 1 1 1 

. -5 -5 -2 -1 


1 ! 1 

1 2 5 




— 1 — ^ 

5 • 


-1- 








1 


r 







63 



* • 

We have picked out the one poiirt labeled 1^ and the one point 
labeled" 2, the one point labeled 3^ and so on. Draw a, segment 
from 3 on the vertical* (output ) axis to k on the horizontal (input) 
axis. . 




Would you say that the segjnent you drew has an exact length even if 
you can't measure it exactly? ^ 

In mathematics we deal with ideas and we would like for our ideas 
to be exact. So, let's see if we can figure out what the exact 
length of our segment is. We know that we can't do this by measuring 
because it is approximate. If we imagine a rigfit tidangle whose 
dimensions are exactly as shown below, maybe we can' calculate the 
exact length of the segment opposite the ^right angle. 




Let's make a ruler using the same unit as used on the axis of our 
coordinate plane. 





0 li I2 


3' 


4 


5 b 


7 b 


9 



6k 



' Measure the segment A3 xxslng a copy of this ruler. What is its 
approximate length? ^ 

Suppose use the "trial and error" method to find a way of 
calculating this length without measuring. We can test our results 
using our measured length even though it is approximate • 

If we add the length of the other two sides of the triangle what do we get? 

^ ^ Is 7 at all close to the meastired length of 5 ? 

^ Does adding these lengths seem to work? 



Then let's try something else. 

What do we get if we ^ multiply the length of the other two sides 

Does 12 com^ close to oiir measured length of 5 ? This 

doesn^t seem to work either. Try subtracting and dividing the lengths 
of the sides. Do these methods seem to work? 

A long time ago a very smart Greek mathematician named Pythagoras 
worked on this problem for many years. Luckily he finally found the 
answer: 

> (l) he found 

(2) and then found 

(3) and then added 



2 

3=9 



= 16 



3^ + 4^ = 25 . 



His answer was the same number as if he squared the measured length of 
this segment! Try this to see' if it works. 

A 




B 



That is, 



Does 3^ + ='5^ ? 
does (9 + l6) = 25 ? 
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Exercises 



Test Pythagoras* idea on these right triangles. Cut off the ruler 
at the top of this page and use it to do the measuring. ' 



1. 



2. 
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(a) 12^ + ^ = 

2 2 
12"^ + = 



(b) Use the ruler above. 

m KT « 

(m JOT)^ «^ 



(c) Are .-your answers to parts 
(a) and (b*) the same? 



(a) 15^ + 8^ = 



15^ + 8^ 



Lb) Use the ruler. 

•m AE a* 

(m AE)^ «^ 



(c) Are ^ your answers to parts 
(a) and (b) the same? 



M'- 

n 
I 

:\ 

■I 

■1 
I 



3. 
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(a)' 2l|^ + 10^ = 
2k^ + l^ = 



("b) Use the ruler. 

m Oi « . 



(nl GM)' 



(c) Are your answers to pafts 
(a) and (b) the same? 



A 
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5. 











1- 


























































































































































































































































































































A 






















































































































































































































\ 

























































(a) 7.5^ + ^^^ = 
7.5^ t = 



1^ 



(b) Use the ruler* 



(c) Are your answers to parts 
(a) and (b) the same? 



(a) 4.5^ + 20^ = 
4.5^ + 20^ = 



(b) Use the ruler # 



(in RQ)^ « 



'*^c) Are your answerjs to parts 
(a) and (b) "^tAq same? 

4 
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Pre*«Test -Exercises 

1* (Section 15-3.) 

Rewrite tliese fractions as mixed numbers. 



(0 ^ 



2. (Section 15-3.) 

Rewrite these mixed nunibers as fractions. 

(a) ' 



W 3f 
(c) 1^ 



3. (Section 15-3- ) 

• Add these mixed nunibers and simplif]jr the answer. 

(a) l|+5| = (c) 2| + 2| 



.(b);V2|4.8 3 =_ (a) 



h. (Section 15-3'. ) " , ■ 

Miltiply these numbers and sijrplify your answers. 

(a) 1 Y X 5 " = ^ 

(b) 3|x6 = 
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5. (Section 15-lf.) 

ITse the pictvire below to answer these questions. 




' 1 '. 


M ' 


M' I'M 




M ' 


' 1 ' 




i| iji |i 




0 


1 ■ 


2 


3 


4 


5 


6 



^inch 



(a) mAB« 

(b) mAC« 

(c) mBC*« ^ / 

(d) mHD« 

(e) maD*« . 
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15-P-6 

^(sections 15-7, 15-8, 15-100. 

Select the correct graphs (from the previous 3 pages) to make 
■ these conversions* 

(a> 2 i feet = inches 

(b) 21 inches = feet / i . 

(c) 39 inches = • feet 

(d) 15 inches « cm 

(e) 17 feet = yards 

2 ^ 
,(f ) 9 2 yards = feet 

(g) ^ inches = yards 

(Section 15-9- ) 

Use this list of metric uriits and powers of ten to make t^jese 



conversions. 

10 mm = 1 cm 

100 cm = 1 m* 

i ' 1000- m = 1 km 

'(a)/ 3*9 cm = mm 

(b) y HOO cm = m 

(c) 2.o^m = cm 

(d) 427 mm = cm 

(e) 1#3 km = m 



(r) 2938 mm = 



/ 



7^^ 




in Z c « 



degrees 

75 
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10. (Sections 15-12, 15-13.) 

Find these areas. Use the correct equation from- the list Tpelow. 



A = b • h 



A = i b . h 



(a) 



(b) 




12 ft. . 



9 ft. 



A = 



sq. ft. 




15 in. 



\ 



A = 



sq. in. 




A =• ■ 



sq cm 



!• Rewrite these fractions* as mixed numbers. 
^ (a) 1 = 

(b) 



9 " 



Revrite these mixed^ numbers as fractibns. 
(a) = _ . " _ 



(b) l| = 



4. 



Add these mixed numbers and simplify the answer. 
■ (a) 2|+l| = ._ 

(b) 




Miiltiply these/numbers and simplify your answers. 



(a) 2^X2 = 

(b) six 5 = 



5. Use the picture below to answer these questions. 
ABC 

^ ♦ ^ k ^ 



D 



M'MI 

0 


Mi|l|i|i 
1 


2 




MM 

4 


M|i|MiMM| 

, 5 6 


^inch ■ 




1 









(a) m AB 

(b) m^AC 

(c) m "BC 
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Use the correct graphs from the pr,evlous 3 pages to 'make 
these conversions. - - 

(a) 3^ feet =• inches 

(h) 33 inches = feet 

( c) ' 12 inches w cm 

, , 

( d) ^ yards = feet 

(e) 19 feet 5= yards 

(f) 2^ inches = yards 

Use thiS' list of metric units to make these conversions. 

10 mm =s 1 cm 
100 cm = 1 m 



(a) h.2 cm = 

(h) 525 cm = 



1000 m 5= 1 km 



mm 



.m 



^ m = cm 

(d) 7«3 km = ^ m 
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15-T-7 

Chooae .the correct equation from this list and -find, these 



areas. 



A = b . h 
V A = |b. h 



/ 




A = 



sq. ft. 




Check Your Memory ; Self -Test 

1. (Section 10-90 

Write each 'number in decimal form. 



M I - 



2. (Section 10-12.) 
, . ■ Divide . 
/ V i^2 



(0 ^ 

(a) 



(e) 



k9- 



(Sectitjn lS-5.). ■ 

Find the least common niiltiple of each pair of numbers. 

(a) 25 ' and 30 « 

(b) 15 and 2h ^ ^ . 

(c) . 8 and 6k 

(d) 8 and 11 



(e) 12 and l6 
J- 
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h. (Section 13-6. ) 

Add. (Use the space at the right for your work. ) 

(a) 7+1- = 



(0 f.| 



(a) 



/ \ 6 ^ 1 



Now check your answers on the next. page. If you do not have them all right ^ 
go back and read the section again. 



\ 
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1. 



(a] 

(e: 



Answers to Check Your Memoiy; Self -Test 



.75 
.625 
.9 
1.6 

8.9 



2. 



(a] 
(c] 

(e: 



iko 
3.9 
.31 
.037 

10 



(a] 
(b] 

(e: 

(a] 
(b] 
(c] 
id] 

(e: 



150 
120 

6k 
88 
48. 

23 

22 
15 

8 
9 

7 

y 
10 
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Chapter 16 



REAL NUMBERS 
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i6^r 

■Chapter '16 
. THE REAL NUMBERS 

In Chapter 5, Integers, you sav that to find answers to sub- 
traction problems like 3-5, 2-7, and 5-8 we 'had to 
invent new numbers. We called these new numbers opposites. 

3 - 5 = opp 2 
* 2 - 7 = opp 5 
^ 5 - 8 = opp 3 
and so on. 

The whole numbers together with their opposites are called the 
integers. 

But using only the integers we were still not able to find 
answers to all division problems like 3 divided by 6 , 2 divided 
by 5 , 7 divided by 4 , and so on. Again we had to invent new 
numbers. Since division ^expressions^ did not always name integers^ we 
wrote these new number.s as fractions. 

3 divided by 6 = ^ 
^ 2 divided by 5 = | 

* • 7 divided by .4 = ^ 

and so on. 

All the numbers - including the integers - which can be expresse^T 
as the quotient of an integer divided by a counting number are called 
the rational numbers . 

4 ♦ 
4 # 

Suppose we want to find the length of the side of a square whose 
area is '3 • To answer this kind of question we will ajgain need to 
invent some new numbers. These new numbers will be useful in answering 
other kinds of questions as well. 



Class JiscussioD * ' l6-la* 

"' ' 

!• Complete this list ty squailng these integers, (Squailug an 
integer means ta raise it to the second power.) You can use 
yovx multiplica-ttion tablies to help you. 



1^ = 1 






10^ = 


3^ = 9 ■ 






12^ = 










f = 


- 15^ = 


8^ = 


16^. 



The numbers 1 , k , 9 , l6 , 25 , and- so on, are all squares ^ 
' of integers . They are called the perfect squares . 

Suppose you start vith one of the (perfect squares and try. to find 
the integer that was squared to get it. 

Start with k9 . The questio^t ve are asking is, "What integer 
multiplied by itself is k9 Another way to ask this question is^ 
"What is the square root of k9 ?" The symbol for square root is . 

Example 1. >^ = 7 because 7^ = 49 . 

Example 2 . = 3 because> 3^, = 9 . . 

The symbol is called a radical . * - 



>» 



90 



2; Complete this list. 



2 

1 


=: 1 


so > 


= 1 


2^ 
















-3 


= .9 


80 




' , 2 


= l6 


SO 


■nib = 


2 

5 


= 25 


SO 












^2 

6 

/- 


= 36- 


50 




f 


= 1^9 


SO 






.= 6k " 


SO 


>^ = 




= 81 


SO 


m: = 


10^ 


= 100 


SO 


Vioo = 



On^ the perfect sgiiares have square roots that axe integers • 

"Ifow let's ask this question. How long is the side of a square 
vith an area of if ? 




S ■ 



Again we^are asking thQ question, I'What nijiriber multiplied, by . 
itself is. k , or what is ?" / ' ' . 

A- * 2 I ^ yr- * 

y4 =,2 because 2=4. But tTie fact that: and 2* are 
equal means that * and 2 are different name§ fpr the sen^e number. 



Here is a sq\iare vith an area of 9 • 




(a) What is the length of the side of the square? 

(b) . What is the integer name for this length? 

Here is a sqxiare with an area of l6 .* 



Area = l6 



(a) What is the length of the side of the square? 
(t) What is the integer name' for this length? 
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Here is a square with an area^of 9 • 




(a) What is the length of the side of the square? 

(b) ^. What is the integer name for this length? 

Here is a square vlth arf area of l6 • 



Area = l6 



(a) What is the length of the>Mde of the square? 

(b) What is the integer name for this length? 



92 



Here is a square with an area of 36 . 



Area = 36 



? 



< 

(a) What is the length of the side of this square ?^ 

(b) What is the integer name for this length? 




l6~le 



Exercises 



What are the lengths of the sides of these squares; Use your 
multiplication tables to help you. 

\. (a) Lengthy of side = /~ " 

(b) Integer name for length 
of side is . 




2.. 



(a) J^iSS*^ = 



(b) Integer name for length 
of side is - . 



Area = 8l 



3. (a) Length of side = " 



(b)^ Integer name for length 
of side is 




^. (a) Length. of side = /~ 
(b) Integer nfime for length 



of side is 



Area = 



9^ 



ERIC 



More about Squares and Sqxxare Roots * 

2 apd "/T are different names for the same number. 

so: i^f = ' 

^ \ . r Class Discussion 

!• (a) What is another name for 3 ? 

3 = r- 

so {^f = 



2. (a) What is another name for 5 ? 



so {■/2^f = 



3. (a) What is another name for 6 ? 
(b) 6^ 



so = 36 

U. (a) What is another name for -7 ? 

' 7 = 
(b) ' 7^ = ^ 

so i^f = 



Some sqiiare roots do not have integer names. 

5. (a) The (1/3)^ = 3 . - ■ - 

Can you thioik of an integer whose square is 3 ? 

(b) Is there an integer name f<31r -/S ? ' 

95 



(a) Is (i^r equal to 6 ? ^ 

(b) Can you tidnk of an integer whose square is 

(c) Is there an integer name for ? 

(a) Is {VEf equal to ^7 ' 

(b) Can you think of an integer whose square is 

(c) Is there an integer name for i/5 ? ^ < 

Here is a square with area 3 • 



Area = 3 

' r- 

m ? » 

(a) What is the length of its side? V . 

(b) Is there an integer name for this length? 

(c) i^f= 



96 



Here is a sqxiare vith area 5 • 




(a) What is the length of its side? ■/ 

(b) Is there an integer name for this length?^ 

(c) {^f = , 

Here is a square vith area ^ 6 



Area = 6 



(a) What is the length of its side? V 



(b) Is there an integer name for this length? 

(c) {^f = 
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!!• The length of the side of this square is ^5 • 




(a) I? {/Bf equal to 8 ? 



(b) What is the area of the square? 



12. The length of the side of this square is VlO 



Area = ? 



i/lO 



(a) (>/ior 



(b) The area of the square is 
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Exercises 

Plnd the length of the side of each of *hese squares, 
(a) (c) 



Area =: 2 



leiagth of side = 



Area = l8 



leiljgth .of side = 



(d) 



Area = 10 



Area = Ik 



length of side = 



length of side = 
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2. .Find the "area of each of these squares, 
(a) (c) 




Area = 




Area 



id) 




Area = 




100 



Area = 



Square these numbers • 

(a) {^f ^' _^ 

(b) [mf = 

(c) {^f = 

(d) {^f = 

(e) im^- = • 

(f) (v^)^ = 
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Iiratlonal Number^ v 

Here is a list of perfect squares. 

.1 - " 

\9 
16^ 

25 . 
■ 36 • 

6k ■ ■ , 

. • 81 . • . 

100 
121 

and so on. 

The perfect squares are the only numbers that have integer square 
roots . 

"^ = 1 ' • 




G3;he integers between the perfect squares, {2 , 3 , 5 , 6 , 
1 , •8\, 10 , ,11 etc.), have square roots that are not integers. 

ThWe square roots are some of the numbers that are called 
irrational numbers. Irrational means not rational. 



102 



Vi7 



I 



These numbers 
are trrational ^ 

■ 

A3 

. 

and so on. 

105 



> 



These nunibejps 
are rational 



and-^o on 
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Class Discxlssion 



1. Complete thefoOowing- table. The .first two are done for you. 









Number 


Write R if Rational 


If Eational vrite 


■ or I' if Irrational. 


' --Ehe integer name. 




R 






• I 


















4 


- 










































1 








755 


















■/te 












A 





lOU 



l6-3c 

I 4 

On the numbfer line: 
^ is to the left of/ V9 because 2 is to the left of 3 
1/9 is to the left of ^flB because 3 "^is to the left of k 
' ^ is to the left 6f because k is to the left of 5 

v^ilB^is to^e left /of V3^ because 5*^ is to the of 6 

and so on. 

Use the list on page l6-3a to help you with these questions, 
2. (a) On the nuiiibefc.,line is. A to the left or right of ? 

(b) On the numbjfer linp i^ 2 to*the left or right of. -/Z ? 

(c) 2_ 

x>r<T 

(d) On the nuij^ber line is " i/^ to ^he' left or right of ? 

(e) On the nt^ber line is ^ to the left or right of 3 ? 
J{fh-J^ I 3 



(g) What integers is -/E , between? 



and 



On the nxmber line: 

(a) Is v'i^l to the left or right of ^20 ? 

(b) Is k |to the left or right of ^ 1 _ 
■/20 



(c) k 



(d) What it 

(e) 1/20 



the next integer to the right -of ■/26 1 
5 . 



(f ) What integers is V5o between? 



and 
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k. (a) VQiat i^teger is to the left of Vi2 ? 

(b) What integer is to the right of ^12 ? 

(c) 1/22 is between and . (What integers?) 

5. v5o is betveen and . (What integers?) 



Exercises 
1. Complete the following table. 



Number 


Write R if Rational 
or I if Irrational . ^ 


If Rational write 
the integer name . 








■/lO 








/ 




/So 






/121 






/t5 






/i- 






v5o 







2. Between what two integers is each of these numbers? 

(a) 1/^ is between and ; 

(b) Vl? is between .and • 

(c) -/Ko is b^tween: ^ and . 

(d) 1/2 is Detween \ and . 

(e) 1/3 is between and j • ^ 
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The Rig|it Triangle 

w6 have done before we will, locate these new numbers on 
the nuriber line. The right triangle will help us do this/i 



1. 
2. 
3. 



1 



Fpi* right triangles in the last chapter we did these things. 

/ ^ 

I .squared the length of each of the shorter si^ep. 
fe added these squares • 

IwLs sum was the same numbe;r as the square of the. length of 
he long side. / 

This works for all right triangles. 



Class Discussion 

The longest side of a "right triangle is called the hypotenuse 
(pronounced hi-pot-uh-nqose) • The hypotenuse /s always opp<5site 
tqf the angle. 




In triangle PQR above, RQ is the hypotenuse- It is "c" 
units long. 



How long is side PR? 
How long is side PQ? 



units 
units 



For all right . triangles the relationships of the lengths of the 
sides is: 

a + b = c 



Vhere c is the length of the hypotenuse. 
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a = b' 



For the right triangle above a = 



a + b = c 



'2 
= c 



and 



= c 



Since c * 100 we can find the length of c . \\ 
This is the 'number whose square is 100 . We wyite): 

c = "/ioo 

So: 'c = y 



Example 2. 



b = 3 




= 2 



For the right triangle above a = 
b2 = 



a + b = c 



and 



= c 



= c 



There is no integer whose ^square is 13 so we 
simply write 

A c = /is . 

Our answer is V^S units for the length of the 
hypotenuse ♦ This number is irrational. 
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Exercises 



Find the length of the hypotenuse of each of these right 
triWles, For the triangles where these lengths are, irrational 



le§ve your 'answer as a radical, 
1. ' 

b = 1 




= c 



= c 



= c 



= c 



2. 



b = 2 




a = 1 



a + b 



=• c 

= -C 



3- 



b = 




a = 3 



2 2 
bT + b 



= c 



= c 



= c 




a = 1 



2 ^ X.2 2 
a/ + b = c . 



= c 



= c 



= c 
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6. 



b = v5 




a = 1 



a + b 



= c 



2 2 
a"^ + b 



= c 



= c 



= c 



= c 



= c 



= c 



= c 



llO 
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The Real Number Line 

In Chapter 5 you learned how to locate the integers on the number 
line. When you did this there were many points .that were not yet 
named. 

In Chapter 6 you learned how to locate the rational numbers, on 
the number line. Perhaps you thought that the. number^ line was 
"filled'"^ up with the rationaJ^numbers . At the time of Pythagoras 
most people believed that al4 the points on the line could be named ^ 
by rational numbers. Pythagoras discovered that this was not true. 
There would be many, many points left unnamed even if we could' put all 
rational numbers on the line. The points "left over" are named by 
the irrational numbers. Naming these points "fills up" the number 
line. We say the line is "complete". All the rational numbers 
together with all the irrational numbers name all the points on the 
line. We call the rationals together with "^e irrationals the r$al 
numbers . 

You may think that all numbers are "real", but this is» not so. 
There are some other kinds of numbers that behave in unusual ways. 
These strange numbers are useful for some things, and^they are not 
called real numbers. 

We cari locate some of the irrational numbers by using the right 
triangle. 



m 



^ Class . Discussion 

Get out the worksheet on page l6-5<i^ Use your compass and 
sti^ghtedge. Follow these steps to .locate 

li Label the origin point A . 

2. On the worksheet the point (O^l) is labeled B . 

3. The point (l^O) is labeled C . 

k. ' Draw BC. ^ 

5* Triangle ABC is a triangle. 

6. The hypotenuse of this right triangle is segment . 

7. How long is AB ?' _^ unit 

8. How long is AC \ unit 

, pop ' 

9. (m BC) =1+1 
(m BC)^ = . 

m BC = " 

10. . Place> the needle point of your compass at point B «aad the 

pencil point at point C . ^ 

11. Without changing yoTir cmpass setting / place the needle point at 
point rA . Swing an arc that crosses the horizontal axis to the 
right of point C . Label this point 

Your completed construction should look like this. 
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l6-5lJ 



1. 

2. 

3. 
U. 

5. 



6. 



-Follow these steps to locate • 
Label (V^^O) point D . 
Draw HD . 

How long is ^ ? 

How long is • AB ? 

(m wf = 

m HD = 



Place the needle point of your compass at point B and the 
pencil point at point D • 

Without changing your compass setting^ place the needle point 
at point A . Swing an arc that crosses the horizontal axis 
to the right of. point D . Label this point . 

Your completed construction should now look like this* 




/2 
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We can izse the same procediire to locate which you know 
is 2 • This will be a good check on our method. 

1. Label {^,0) poiniofeE . 

2. Draw W * ' ' 

3t How long is AE ? 

How long is AB ? 

5. (mWf = 1^ + (>/3)2 

(m BE)'' = _ + 

(m mf = 



m BE = 



6. Place the needle point of your compass at point B and the 
pencil point at E . ' • - ♦ • ^ 

7. ^ Without changi,ng the setting^ place the needle of your compass 

at point A and swing an arc to the right of point E . This 
is the location of V^T • What integer is located at this point? 



By continuing with this process we can locate ^ , ^ , ^ , 
and so on on the number line. On page l6-5e you will find a number 
line with many of theseifirrational numbers. marked. 
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wire 
support 




^16-58 

'This telephone pole hag a' vire 
support from the top of the pole 
to a point on the ground I5 feet 
from the' base of the pol6» How 
long is the wire? 



= c 



= c 



= c 



= c 

Hint: This number is rational. See if you ca^ give its.- 
integer name. 

y 

This sailboat has a 2h foot ma^t 
located 10^ feet from the bow. 
The headstay is a wire that runs ^ 
from the top of the mast to the 
bow. -How long is this headstay? 




= c 



= c 



Hint: This number is rationale Square 26 and see if thi'§ 
is c . 
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Addition and Multiplication of Irrational Numbers 

Class Discussion 

We can use the number line on page 16-6 to find out how to 
add irrational' numbers • 

\ You have, seen how to add integer's and rationals using arrows. 
You can use your' coi^pass as a "portable arrow" if we agree that the 
pencil point is the arrow h6ad and the needle point is the arrow 
tail. r 

Suppose we first add + 1/3 on the number line on page 
Place the needle point of .your compass at 0 and the pencil 'po^nt 
at 1/3 • Carefully pick up your compass and place the needle point 
at t/2 and the pencil point on the line like this*. 




Notice that you do not come to ^ • In fact the point you come to 
is not even named. We simply name' this point + V3) . This is 

a little less than 

Try adding + using your compass and the number line. 

Does ^ + -/S = -/l.l y 

■ Is the point you come to named? 



■/2 + t/S is between what two square roots? and 
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Let's see what we can find out when we add a square root to . 
itself t Use your ccanpass and-the number line to add + >^ . 

. This time you come to a point that is named. 

Add these irrational numbers.. 

^ + ^ = 

>^ + = 

Do all of these cane out to points that are named? 

You have often thought of repeated addition as multiplication. 
In ather' words + = 2 • . 

Write these as multiplication problems. *^ 

^3 + >^ = • 

^ + ^ = • , 

You know that 2 can also be written as /f . 
So: V5" + = • 

When you added these on the number line you came to -/B . 
So: . • = A • 2 = . 

Look at your answer tp -/S + "/S . From your answer we can see 

that : 



V3 + 


V3 = 


2 • -/S 






^ • ^3 






A • 3 
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Also 



and 



+ >5 = 2 ' -{^ 
v5 + y5 = Vli . 5 

>^ + 1^ = 2 • >^ 

There are three important facts that we can see from vhat we 
have Just done . - ^ 

(1) If a is a positive integer, 

i/a + = 2 • -/a 

Because I*- • a must be an integer; Vlj- • a must be the • 
square root of seme integer , 

(2) If a and b are different^sitive integers, >^ + 

is not equal to Va + b . If and >'b are irrational, 
their sum can "only be written inSfche foim ■/& + -/h .- 

(3) If a and b are positive integers, then -/a • -/b = 



•'a 

You can see this if you replace a and b with perfect 
squares . 

^ ' ^ = 2 • 3 and VIp^ = 7/3^ 
= 6 ■ =6 ' 
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2, ilnd this product, 

v5" • -/f = V^"^ 



= r 



3. Find this product. 



16^ • 



1. Bind this. product, 

V^f • VH = ^ 7 . u" 
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^» Exercises 

1, Write yes if the sum is named on the number line on ^ge l6-6 
and no if it is not. Use your compass to help yoii^ 



(a) + -/ll 

(b) i/E + -/E 

(c) + >^ 

(d) ^ + v5" 

(e) ^ + -/^ + -/S 
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"2, Write these sums. Use the number line on page 16-6 and your, 
compass to help you. ■•' 

(a) + V5 = " 

(b) /7.+ vT = . 

(c) y^- + + = 

» (d) ^ + -/B = 

' /. ■ '■ 
(e) t5ty5 = - 

r - ' 

3._ Find these products. 

I 

(a) ' 1/2 •. V7 = 

(b) * -/To = 

S 

(d) V3 • >t'= 

.(e) ^ ' -/K = ■ 

(f ) >5 • ^ = 

(g) y5_»/f= 

(h) V9'-^.= 
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Simplifyirag Radicals 

/ 

Class Discussion ^ • 

In the last lesson you learned tliat If "a" and "b 
positive Integers then 

/ Va • = Va • "b • 

You saw thii^ vhen you multiplied V^T • = A • 3 = ^/iS. 
Suppose we work backward. 

•/i2 = vir^ = • = 2V3 

2V3 is considered a siniplified form of VaS" . 

Here is another example. We will slmpliiy V32 . 

V32 = yi6 • 2 

But Vi5 has an integer name. What is this name? 

So: ^ = 
In this example we will simplify V§7 , 

-in = ^ - ^ 

V§7 = 3 • ■/S 
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A square root can be simplified if it has a perfect square 
as a factor* Remember that ^ , 9 , , 2^^ , 36 , , '6k , 8l , 
100 , etc., are the perfect squares • 

To simplify- VT5 first factcjr 18 into a perfect square^ 
times some other integer. ;' 



715 = /3 

Write this as the product of two i^icals (square roots). 

Nov vrite this as the product' ojf an integer and an irrational 
number. 



The simplified form of is 3 t/2 . 




1. SimpUfy these irrational /numbers by filling the blanks. 



(a) = / 



3 



' 7 



-V7 
^ ■ 



'v50 = • ■/2 



(d) /tf = / ♦ ^ 



1^ = ' >^ 
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(e) ^ = / ' 6 

(f) Ao = / • 10~ 

y5o = y • -/lo 
Vio = • vTo 

Multiply these irrational numbers 
you. 

(a) ^ • ^ = VT"^ 

• >^ = /if' 

(b) • /f = /" 

75 • /f = 

(c) 75 • -/ii = / • 

75 • TIT = 

(d) vTo • >^ = / :> . 

• vTo • >^ = 



i6-7b 

(g) ^ = / -3 
/f5 = / • ^3 
/f5 = • 73 

(h) = / . • 3 
755 = / • 73 
M = • 73 

. The first one is done for 

(e) >^ • 75 = / • ~ 

72 • 75 = 

Give the integer name for 
this number. - 

(f) > • = / 

Give the integer name for 
this number* 

(g) >^ • -/32 = y - . 

Give the- integer name for 
this number. 
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Subtraction of Real Numbers 

We have always subtracted in the same way. With the integers 
we learned to rewrite the problem as an addition problem. We add^ 
the opposite, of the subtrahend. We subtracted rational nmbers in 
the same way. Since the real numbers incliide the rational numbers 
which also include the integers we must not change the rules for 
subtraction. We subtract the irrational nimibers in the usual way. 

In order to do this we need to locate the opposites of the 
irrational numbers on our number line. 



Take page l6-8aout of your notebook. 

1. Place the needle point of your compass at zero and -the pencil 
point at V5 . 

2. Without changing the setting of your compass swing an arc 
that crosses the line to the left of zero. This is the , 
location of 

3* ' Repeat this process to locate "-/S , , "v^ , "/f , ^VE . 

k* Page l6-8b is a picture of your number line. Locate' and label the 
following points on this picture* Use your compass. Remember 
*to rewrite the problem as addition. 

(a) Point A ■ (c) Point C 



Class Discussion 



+ 



+ 



(b) 



Point B 



(d) 



Point D 



Vl5 - ^ 



+ 



+ 



128 



Is? 

Up 




I 



' 150 



l6-8c 

Notice that the points you marked have not been named. These 
points represent ne-^ i3^ational numbers whose names, are simply 
{^-^) , , - m y k^r ^) , etc. 

Prom this you can see that we have not named all ^ points -Sfor the 
irratiohal numbers • In fact^ this wovild be impossible. 

5. The ifK is rational. As you know it is 2 . On the number 
• Hne what is the opposite of A ? "A" = 

6. = 2 because 2^ = 1^- . In step (5) you found that ^/IT = "2 . 

What is ("2)^ ? That if ("2) -.("2) = ^ so, C/^f = k 

'(Reijiember that the product of two negative numbers is positive . ) 

?• Prom step (6) you see that there are two numbers- whose square 
2 2 — - 

is i^. . 2 = i^. and ("2) =: h . You have foiind that k has 

two square roots, 

i 

8. (a) Does (^3)^ =^ ? ' 



(b) What are the two square roots of 9 ? - and 

9« What are the two square roots of I6 ? and 



of 25 ? and 



All positive real numbers have two square roots. But what abo\jA 

the negative real numbers? Let's see if we can find a number whose 

square is k . Two reasonable choices for this number are 

either 2 or 2 . But this cannot be true because 2 = If. and 
- 2 

(2) = k . There is no real number whose sqixare is ""if ♦ 'In fact 
there are no real numbers that are the square roots of any of* the 
, negative real members • 



is not real 
is not real 
is not real 



is not real 
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^ ^ Exercises 

Below is a 3J.st of numbers. Under this list is a diagram tljat- 
shows that integers are also rational numbers and real niimbers, and 

r 

that ^rational numbers are also real numbers. Sort out the nunibers 
in the list by writing them in the coirect circle. . 

■* * - 



2 
3 



3 




T . 
"27 



36 



-V9 
- -/ie 

32 

J. 



' Real Numbers 



Reciprocals of Real Kumbers 

You have seen that division means ^ to mxiltiply by the 
reciprocal of the divisor. In order, to divide square roots ve 
will need to locate their reciprocals on the number line. 

Class Discussion 

On page l6-9a there is a picture of a real number line. W^"' 
will locate sotae of the reciprocals of ixrational numbers on this 
line. 

You kn(^ that the reciprofcal of 2 is ^ • In the same way ' 
the reciprocal pf is — . Since rational numbers are also 

real numbers the product of reciprocals must still be 1 • So 

Our problem is to find the loeation of — on the number 
line. We can use the.t;"fact that — =1 to help us. 
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Doe's it chang,e a number if we multiply it by one? 

\ 1 ^ 

Suppose we multiply — by — . Will this change the number? 

vWe njfiitiply these i^rrational numbers in the same way we ipultiply 
" I ■ ■ ' 
rational numbers . • 

That is: 

1 ^ ^ 



The integer name for •/2 ' -f^. is . 

So: 

This tells us that — is located half way "between zero and 

-fl . All we have to do is Msect this segment. Us'^ your compass 
and straightedge to find the midpoint of this segment on page l6-6a. 
•k this, midpoint — . 

Wow let's locate — which is the reciprocal of -fZ , Again we 
can use multiplication" by one to help us. 

So: 

1 ^ 



3 



is J the distance from zero to 



155 •■ 



i 16-.9C 



In CShiapter 12 (Similarity) you Ba^4 that you can divide any 
segmeiit into any number of parts using parallel Httes* 



1. 



2. 



On the number line (p. l6«9a) set the needle-point of your 
compass at zero and the pencil point at • 

Coijnt over .3 lines past zero*. Switig an arc that intersects 
this line. Label this intersection point A and drav the 
segment from zero to A like this* 
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• The vertical lines on the grid are parallel and equally 
spaced • *^ 

3. The segment from zero to A is divided into 3 equal 
parts by these parallel lines . Set your compass at zero 
and at the point "vriaere the segment crosses the first vertical 
line. Sving an arc down to the number line like this. 
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2 









We have just located the reciprocal of . 



^ ^ 5 

we could locatt^ — on the ntlmber line by a similar process to 

finding — . In fact ve could locate the reciprocals of all the 
square roots of integers by this method. 

1 ^ 

Th^ process of rewiriting — 'as is called rationalizing 

the denominator . 

We can use multiplication by 1 to ''rationalize the denominator 
of any ratio of square roots. Here are several examples. 



_1_ 


.2^1- 


v5 






2 


1 










3 


1 










7 


5. 










3 












7 



etc. 
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Exercises 

^ Follov these steps to locate the reciprocal of >^ on the 
num^5er line at the bottom pf this page, 

1. Nationalize ~ 




-/5 >5 >5 

2. Hdv many equal parts is the segment from 0 to >^ to be 
-di^ded' into? j • * 

Set your compass at zero and . on the number line belov. 

Count over 5 lines from zero and swing an arc that intersects 
this li^ne. (Do 'not change the COTipass setting,) Label this 
^ ipint P • * ' 

5»"'^ Drav the segment from zero to P , 

6. The vertical lines of the grid divide this segment into fifths* 

, Set your compass to ^ the length of the segment from zero 
\ to -P . . 

?• Mark off this length from zero on the number line. Label this 
point ~ • 
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8. Rationalize the dencaninator in each fraction, 
(a) 



_1_ 



(c) ^j,- 



(Caution: The numerator here is 
an integer .) * 



(e) — = 



2^ 
v5 



(f) 
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. ^ 16-10 

jt and the Circumference of a Circle 

Class Discussion 

Get out a coin and carefully lay it on jbhe niamber line at the 
bottom of this page so that one edge is at zero and the line passes 
under the center of the coin like this. 



0 




^ Place *the needle point of your compass on- the number line and 
against the edge of the coin- Punch a tiny hole in your paper. We 
will use the distance from zero to the hole as the unit for the 
number line^ so mark the point at the hole and label it 1 . 

Carefully set your compass at zero and 1 and use it to locate 
the points for 2 , 3 ^ and h . Label these points. 

Make a small pencil m^k on the coin on the edge of the coin 
Like this. * 




Pencil mark 



Plg,ce the coin on edge on the number line so that the mark 
is located at zero. Roll the coin along the line .without slipping 
• until the mark again touches the line. Mark this point on the 
. line. This point is a little to the right of . - 
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Check with your classmates who ixsed a different kind of coin. 
Did they come to about the same number o^ their number line? 

You probably know that the distance across a' circle through -'^-^ * 

the center is called the diameter of the circle. The symbol for 
diameter is D . The distance from the center to the circle is 
called the radius. It is ^ the length of the diameter. The 
symbol for. radius is t . The length of .the circle (distance 
around it) is called the circumference of the circle. The symbol 
for circumference is C . ' 



On the number lirfe on page 16-10 you used the 



of the coin as your unit. The circumference of the circle is a 

little more than _^ times longer than the diameter. 

This is time for all circles no matter how long their diameter is. 

The number you came ^ to in. your experiment with the coin is 
actually irrational. .Its name is n (pronoimced pie). From what 
you learned in your experiment we can write 

* c = n • D 

(circumference = jt times diameter) 

The number n is very close to the rational nui^bers 3.1^^ and ^ . 
For computiiig the circumference of a circle you can use^ 3^1^^ ,or ^ as 
an approximation for n . To get a roiigh idea of the circxomference 
you can simply multiply 3 times the diameter. 
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, Exercises ^ 

For circles with the diameters given below first multiply by 
3 to get a rough estimate of the circumference and. then multiply 
,by 3»1^ to get a closer Approximation of the oircimiference • The 
first one is done for you. 

D 

Bough Close 
(diameter) estimate of c approximation of C 



1. 


h ft. 


12 ft. ^ • 


12.56 ft. 


2. 


5 in. 


in. 


in. 




8 cm 


cm 


cm 




7 yds. ^ 


yds . 


yds . 


5. 


■ 2.6 in. 


in. 


in. 


6.. 


3-2 in. 


in. 


in. 



lh2 

1.47 . 



Area of a Circle 

Look at this circle. 
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The radius of the circle is 5' units long. 

Each of the squares is a unit square. You can count these unit 
squares ana* find out about what the area of the circle is. 

Class Discussion 

Count the unit squares that are shaded dark. How many of these 
squares are there? Write this number in the table on the next page. 

libok at one of the regions that is shaded light. The circle cuts 
through 2 imit squares. If you put the two parts together you get 
about one square. So each lightiy shaded region has an area of abojit 
one square. How many of these regions are there? So about 

, how many -unit squares does this make? Write this answer in 

\ the table • , • 



r 
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Nov look at the unshaded regions. Each of the unshaded regions 
is about ^ of a unit square. Hov many of these regions are there? 

So about how many xinit sqiiares does this make? 

Write this answer in « the table. 



Number of dark squares is 
Number of light sq\iares is about 
Number pf vmshaded squares is ajyout 




The area of the circle is about 





Add the number of squares in the table to find the approximate 

area df the circle. 

V 

Now let^s see if we can find a way to figure out the area of the 
circle without counting the squares ♦ 

' Here is a picture of the same circle. This time we have put the 
ciycle inside of a large square. 




Are^^^^ square = (2r) 

Area of square = 2r • 2r' ' - 

Area of square = 2 • 2 • r • r 

2 

*A;tea of squar^ = hx 

You can see that the area df this square is k times the. square 
of the radius of the circle, 

♦ Eemember that the radius of the circle is ' 5 -units long. Find 
the area of this square, "^'^ . ^ 

2 ' " 

Ared of this square = ^r 

2 

/ Area of this square = k • ( ) 

Area of this square = k • / 

Area of this square = square units 

Remember thdfc.*the area^of the circle is about 78 sqxmre units. 

Is the area of this square more or less 'than the area of t^e 
circle? 

\ — 

\ Let's tiy a smaller square. 

Here is a picture of the same circle vith a square inside, • 




M is the center of the circle, PK is the diagonal of the square. 



11^5 



/ 



. , ' 16-llc 

m is the^radius of tHe circle, so diagonal W ,te 2 times the 
length "of^liie radixis of the circle. ^ ' 



' m PK = 2r * 

Here is tilaBgle PQK taken out of ^the circle^ 

4» K , • 




Triangle PQK is part of the sqiiar^ so ^ and QK are the 

same length . We doxjH yet know the length of ^ and QK so we use 

"s" for this length, "s" la the length of the side of the square 

2 

BO the area of the square is . s . !Ehis is ^t we want to find* ^ 
The triangle is a right triangle. 



So: 




2 

s 


+ 


2 

s 


= (2r)2- 






2 

s 


+ 


2 

s 


= 2r • 2r 






2 

s 


+ 


2 

s 


= 2»2»r»r 






2 

s 


+ 


2 

s 


= 4r2 



I • 2 • 8^ = I . If • r^^^ • ' 

2 2 
s =t 2r 

^2 ' ' . 

But s is the ai^eo, of the sqxxare, 

2 

so: are^ of this- square = 2r 

The area of this square is 2 times the square of the 
6f the circle 



radii 
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Remfeanber that the radius of the circle is 5 units* long. Find 
the area of this square T 

Area "of this square = 2r 

o 

Area- of this square = 2 • ( ) 
Area of- this sqxiare = 2 • 



Area of this square = square units 

Remember that the area of the circle is about 78 sqiiare units. 

Is the area of this square more or less than the area of the 
circle? . 

* Here is what we have learned so far: 

2 

(1) If we use kr to find the area of a circle the 
answer is too big.x 

2 

(2) If we use 2r to find the area of a circle the 
answer, is too small, 

^so (3) The ai^ea of the circle is between 2r^ and kr^ , 
2 

Lets try^ 3r and see if we come close to the area of the circle. 

*- 2 
Is the area of the circle equalto 3r ? 

3r2.^3 • ( f 



square units 



Is your answer close to the 78 square units you got by 
coimting? 

Is your answer too big or too small? 

Is' yoxir^swer very much too small? 



The area of a circle is a little bit more than 3r^ , What 
'number do you know, that is used with circles, and is a little more 
than 3 ? 
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2 

Area of a circle = Jtr 



Use this formula to find the area of the circle with raditis ' 
5 units, (vise « « 3.1^) 

^(circle) = 

^Circle) -3.1^'(_)'' 
^circle)'*3.ll.• , • • ■ 



\ circle ) " ^"^^^ ^ ^ 

This answer is very close to the approximate area of 78 square 
units that you got by counting. 

Example !• Suppose we find the area of a circle whose radius is k 
inches. For computation we will use it ^3.lh • 

A = Jtr 

A ^3-11^ • {kf 

A ^3.1^ • (16) 

A ^ sq, in. / 

Example 2. Find the area of a circle whose radius is 7 cm, 
(use Jt ^ -7^; i 

* A 2 

A = Jtr 



A -f • (if 



22* 7 • 7 



; A «22 • I • 7 (Remember ^ = 1 .) 

so: A «2a f 7 . ' 

A Rs 15U square cm 
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Exercises 

• / : 

Use the examples on page lo-Ue to work these problem. 



Find the area of a circle whose radius is 6 feet. 
>» 

(use 3f « 3,114.) 

- 2 
A = jtr 



sq, ft. 



Find the area of a circle whose radius is Ik centimeters 
(use n ^-rp^ 

A = TTC^ 



A ss sq, cm. 



Find the area of a circle who§e radius is 12 inches; 
(use jt ^^'3. Ik) • 

. 2 
A jcr 



A « 



sq, '^.n. 



Ik9 



4. (.a). Find the radius of a circle whose diameter is 1^2 inches. 



r = 



^ inches • 



{h) nnd the area of this circle, (use Tt ^ ^) 



A « 



sq, in. 
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,1 ' • 16-P-l 

Pre -Test Exercises ^ . 

1. (Section l6-30 v 

Drav a circle around the square roots that are integers . 



2. 



(a) 

(b) M ■ 

(c) A 

(d) 75 

(Section 16-14-.) 



(e) ^ 

(f) 712 

(g) 720 

(h) 73^ 



Find the leqgth of the hypotenuse of each of these right 
triangles . \ 



(a) 




2 , , 2 2 ' 
a + b = c ■ 



2 = c2 



= c 



(b) 




2 ^ v2 2 

a + b = c 

' 2 ^ 2 2 
— + = c 



= c 



= c 

= C-- 



= c 



= c 
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(Section 16-6.) 

Circle the correct answer. 

>5 + >^ = ? 

(a) ^55" 

(b) + 11 
(c) 

(d) Vioo 

(e) none of these 
(Section 16-6O 

Circle the correct ansver.^ 
i5 • >/ll = ? 

(a) 

(b) V5 + 11' . 

(c) M 

(d) i/lW 

(e) none of these 



6* (Section I6-9.) 

nationalize these denominators 

(a) ^« 

(b) . ^ = 

7. (Section l6-7.) 

Simplify by faptoring out a perfect square, 
(a) ^ 

8. • (Section 16-IIO . ' ' 

nnd the area of this circle • (use n 

A = jr • r*^ 
A « . 

A «5 • 

A « 




sq. in. 



id 

ERIC 



15*^ 



(Section 16-IO.) 

ELnd the circumference of this cifcie. (use jr fts3.1I»-) 




C = jt • D 
C • 

C 



in. 



(Section 16-IO.) 

What is the radius of a circle whose diameter is 32 ft? 



Test 



16-1^^1 



Draw a circle around the square roots that are integers. 



(a) ^ 

(c) ViH 

(d) 1/12 

(e) >^ 
(f) 

Find the length of the hypotenuse of this right triangle. 



\ 




a + b = c 

2 2 
= c 



+ 
+ 



= c 



= c 



Circle the correct answer. 

(a) /fo 

(b) VY +10 

(c) m 

(d) 

(e) none of these- 
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16-T-2 



It-. Circle the correct answer, 
i/f ♦ v€o = ? 

(a) vTf 

(b) yii2 

(c) /to 



(d) /pTio 

(e) none of these 



5. Simplify by factoring put a perfect square, 

(a) = ; r 

(b) s = 

(c) Vi5 = [ 

(d) = 



6. Rationalize these denominators, 



(a) 



(b) 



j1 



(0 



(d) 
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If the diameter of a circle is 26 ft.^ irtiat is the radius? 



If the radius of a circle is 8 in.^ what is the diameter? 



What is the area of a circle whose radius is 9 feet? 
(use 3t « 3»1^) - 

2 

A = n r r 
A « 
A « 

^ ^ square feet - . r 

What is the circumference of a circle ^^ose diameter is 35 inches? 
(use jt ) 

C = jt D 

» 

C « . ___ . 

C inches ' ^ 
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• 16-R-l 



Check Your Memory ; Self -Test 
(Section 15-9^ 

Fill thB- blanks.., ' , ■ • 

(a) 15 m is the , same as' 

(l)) 10 m Is the sam^e as ' km 



(c) 1^0 cm tB-'the same as 

(d) 582 cm is the same as __ 

(e) 2^88, -m is the- same as 

(Section 15-12) 

Find the area of the following, 

(a) , ' (c) 
10 'fj " 



mm 

m 

tan 




A: 



(b) 



Ik ft. 



sq. ft; 



. 1 yd. 




■sq. yd. 



A: 



(d) 



1.1 i 




1.1 in 



sq. ih. 



12 cm 



square cm 
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16-R-2 



(Section 13-10) 

Vfrite thef following using scientific notation. 

(a) 965.013 = : 

(b) 

(c) h9'. 

(d) '.lhe&6 = _ 
.0005368 = 




(Section 13-8 and 13-9) 

Multiply or divide." Write your answer using an exponent. 

(a) 10^ X lO"-^ = 

(b) 1000 X-^jp^OOO = 

10000 



(c) 

(d) i 



100 

o3 ■ 



10 



(e) .00001 X ^DOOl = 



(Sections 11-7 and '11-8) 

Give the measures of ^ and Z y in each ^problem* 




^ Now oh^^ your answers on the next page* If you do not have 
them all right, go back and read the section/again* 
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Ans-Vers jXi Cheek Yoixr Memory ; Self -Test" 



1. 


(a] 


) 15000 




(b] 


1 ' 

rrr or .01 

100 




(c) 


1^1-00 


- 


(d) 


5.82 




(e) 


2.li88 

> 


2. 


(a) 


ihO sq. ft. 




(b) 


^ sq. yd. 




(c) 


1.21 sq. in. 




{<a) 


12 sauare cm 




fa) 


\ 


• 


(b) 


3 X 10"^ 




(c) 


^•9736 X lO"'" 






1.4826 X 10"^ 




(e) 


5.^68 ^ 10"^ 




(a) 


10^ 




(b) 


10^^ - 




(c) 


102' 










(e) 


10-9 


5. 


(a) 


m Z X =» 4^ ' 
m Z y = 45 



(b) m Z X = 60 
m Z y = 30 



er|c 
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